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Abstract 

There is a one-to-one correspondence between ^-quasi-cyclic codes over a finite field 
Fg and linear codes over a ring R = ¥ q [Y]/(Y m — 1). Using this correspondence, 
we prove that every ^-quasi-cyclic self-dual code of length mi over a finite field ¥ q 
can be obtained by the building-up construction, provided that char (¥ q ) = 2 or 
q = 1 (mod 4), m is a prime p, and q is a primitive element of ¥ p . We determine 
possible weight enumerators of a binary £-quasi-cyclic self-dual code of length pi 
(with p a prime) in terms of divisibility by p. We improve the result of [3] by 
constructing new binary cubic (i.e., £-quasi-cyclic codes of length 3£) optimal self- 
dual codes of lengths 30,36,42,48 (Type I), 54 and 66. We also find quasi-cyclic 
optimal self-dual codes of lengths 40, 50, and 60. When m = 5, we obtain a new 
8-quasi-cyclic self-dual [40, 20, 12] code over F3 and a new 6-quasi-cyclic self-dual 
[30, 15, 10] code over F4. When m = 7, we find a new 4-quasi-cyclic self-dual 
[28, 14, 9] code over F4 and a new 6-quasi-cyclic self-dual [42, 21, 12] code over F4. 

Introduction 

Self-dual codes have been one of the most interesting classes of linear codes over finite 
fields and in general over finite rings. They interact with other areas including lat- 
tices [12, 13], invariant theory [41], and designs [1]. On the other hand, quasi-cyclic 
codes have been one of the most practical classes of linear codes. Linear codes which 
are quasi-cyclic and self-dual simultaneously are an interesting class of codes, and this 
class of codes is our main topic. We refer to [30] for a basic discussion of codes. 

From the module theory over rings, quasi-cyclic codes can be considered as modules 
over the group algebra of the cyclic group. For a special ring R = F q [Y]/(Y m — 1), 
Ling and Sole [36, 37] consider linear codes over a ring R, where m is a positive integer 
coprime to q, and they use a correspondence <p between (self-dual) quasi-cyclic codes 
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over F q and (self-dual, respectively) linear codes over R. We call quasi-cyclic codes over 
F q cubic, quintic, or septic codes depending on m = 3, 5, or 7, respectively. Bonnecaze 
et. al. [3] studied binary cubic self-dual codes, and Bracco et. al. [7] considered binary 
quintic self-dual codes. 

In this paper, we focus on construction and classification of quasi-cyclic self-dual 
codes over a finite field F g under the usual permutation or monomial equivalence. We 
note that the equivalence under the correspondence may not be preserved; two in- 
equivalent linear codes over a ring R under a permutation equivalence may correspond 
to two equivalent quasi-cyclic codes over a finite field F q under a permutation or mono- 
mial equivalence. Hence, we first construct all self-dual codes over the ring R using a 
building-up construction. Rather than considering the equivalence of these codes over 
R, we consider the equivalence of their corresponding quasi-cyclic self-dual codes over 
F q to get a complete classification of quasi-cyclic self-dual codes over F q . 

We prove that every £-quasi-cyclic self-dual code of length mi over F q can be obtained 
by the building-up construction, provided that char(F g ) = 2 or q = 1 (mod 4), m is a 
prime p, and q is a primitive element of F p . Our result shows that the building-up 
construction is a complete method for constructing all £-quasi-cyclic self-dual codes of 
length mi over F q subject to certain conditions of m and q. We determine possible 
weight enumerators of a binary £-quasi-cyclic self-dual code of length pi with p a prime 
in terms of divisibility by p. 

By employing our building-up constructions, we classify binary cubic self-dual codes 
of lengths up to 24, and we construct binary cubic optimal self-dual codes of lengths 
30,36,42,48 (Type I), 54 and 66. We point out that the advantage of our construction 
is that we can classify all binary cubic self-dual codes in a more efficient way without 
searching for all binary self-dual codes. We summarize our result on the classification of 
binary cubic extremal self-dual codes in Table 1. We also give a complete classification 
of all binary quintic self-dual codes of even lengths 5i < 30, and construct such optimal 
codes of lengths 40, 50, and 60. For various values of m and q, we obtain quintic self-dual 
codes of length 5i over F 3 and F 4 and septic self-dual codes of length 7i over F 2 , F 4 , and 
F5 which are optimal or have the best known parameters. In particular, we find a new 
quintic self-dual [40, 20, 12] code over F 3 and a new quintic self-dual [30, 15, 10] code 
over F 4 . We also obtain a new septic self-dual [28, 14, 9] code over F 4 and a new septic 
self-dual [42, 21, 12] code over F 4 . 

This paper is organized as follows. Section 1 contains some basic notations and 
definitions, and Section 2 presents the building-up construction method of quasi-cyclic 
self-dual codes over finite fields. In Section 3, we construct binary quasi-cyclic self-dual 
codes, and we find the cubic codes and quintic codes. In Section 4, we construct quasi- 
cyclic self-dual codes over various fields such as F 2 , F 3 ,F 4 , and F 5 , and we obtain the 
cubic codes, the quintic codes and the septic codes. We use Magma [8] for computations. 

1 Preliminaries 

We briefly introduce some basic notions about quasi-cyclic self-dual codes. For more 
detailed description, we refer to [36, 37]. 
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Table 1: Binary extremal cubic self-dual codes of lengths up to 66 



length n 


highest min. wt 


No. of extremal 
cubic self-dual codes 


rtei. 


6 


2 


1 


bee. 3 


12 


4 


1 


bee. 3 


1 9, 


/i 
4t 


i 
i 


oec. o 


24 


8 


1 


Sec. 3 


30 


6 


8 


Sec. 3, [3], [40] 


36 


8 


13 


Sec. 3, [3], [15], [27] 


42 


8 


1569 


Sec. 3, [3], [5], [6] 


48 


10 


> 4 


Sec. 3, [3] 


54 


10 


> 7 


Sec. 3, [3] 


60 


12 


> 3 


[3] 


66 


12 


> 7 


Sec. 3, [3] 



Let R be a commutative ring with identity. A linear code C of length n over R is 
defined to be an i?-submodule of R n ; in particular, if R is a finite field ¥ q of order q, 
then C is a vector subspace of F™ over ¥ q . The dual of C is denoted by C -1 , C is se//- 
orthogonal if C C C -1 , and self-dual if C = C ± . We denote the standard shift operator 
on R n by T. A linear code C is said to be quasi-cyclic of index t or £- quasi- cyclic if it is 
invariant under T l . A 1-quasi-cyclic code means a cyclic code. Throughout this paper, 
we assume that the index t divides the code length n. 

Let m be a positive integer coprime to the characteristic of F 9 , F g [F] be a polynomial 
ring, and R := R(¥ q ,m) = ¥ q [Y]/(Y m — 1). Then it is shown [36] that there is a one- 
to-one correspondence between £-quasi-cyclic codes over ¥ q of length £m and linear 
codes over R of length £, and the correspondence is given by the map defined as 
follows. Let C be a quasi-cyclic code over ¥ q of length Im and index I with a codeword 
c denoted by c = (c 00 , c 01 , c 0/ -i, c 10 , Ci^_i, . . . , c m _i )0 , . . . , c m _i^_i). Let be a 
map : ¥ q im -> i?^ defined by 

0(c) = (c o (F),c 1 (r),...,Q_ 1 (F))G^, 

where c^F) = J]^ 1 c^F* G -R, for j = 0, ...,£- 1. We denote by <p{C) the image of 
C under 0. 

A conjugation map ~ on i? is defined as the map that sends F to = Y m ~ x and acts 
as the identity map on ¥ q , and it is extended F^-linearly. On R e , we define the Hermitian 
inner product by (x, y) = J2jZo x jVj for x = (^o, • • • , ^-i) and y = (y , ye-i). 

It is proved [36] that for a,b 6 ¥ e q m , T £/c (a) • b = for all < k < m - 1 if and 
only if (0(a), 0(b)) = 0, where • denotes the standard Euclidean inner product. From 
this fact, it follows that 0(C)- 1 = 0(C ,± ), where 0(C)- 1 is the dual of 0(C) with respect 
to the Hermitian inner product, and C L is the dual of C with respect to the Euclidean 
inner product. In particular, a quasi-cyclic code C over ¥ q is self-dual with respect to 
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the Euclidean inner product if and only if 0(C) is self-dual over R with respect to the 
Hermitian inner product [36] . Two linear codes C\ and C 2 over R are equivalent if there 
is a permutation of coordinates of C\ sending C\ to Ci- Similarly, two linear codes over 
F q are equivalent if there is a monomial mapping sending one to another. Note that the 
equivalence of two linear codes C\ and C2 over R implies a permutation equivalence of 
quasi-cyclic linear codes _1 (Ci) and _1 (C 2 ) over F q , but not conversely in general. 

2 Construction of quasi-cyclic self-dual codes 

Throughout this paper, let R = F q [Y]/ (Y m — 1), and self-dual (or self-orthogonal) codes 
over R means self-dual (or self-orthogonal) codes with respect to the Hermitian inner 
product. 

We begin with the following lemma regarding the length of self-dual codes. 
Lemma 2.1. Let R = ¥ q [Y]/{Y m - 1). 

(i) If char (Fq) = 2 or q = 1 (mod 4), then there exists a self-dual code over R of 
length £ if and only if 2 | I. 

(ii) If q = 3 (mod 4), then there exists a self-dual code over R of length £ if and only 
ifA\L 

Proof. To prove (i) and (ii), we observe the following. Suppose C is a self-dual code of 
length £ over R. We may assume that C\ in the decomposition of C in [36, Theorem 
4.2] is a Euclidean self-dual code over F q of length £. 

For (i), suppose that char(F q ) = 2 or q = 1 (mod 4). By the above observation, 
2 I £. Conversely, let £ = 2k. We take a Euclidean self-dual code over F q of length 2 
using the following generator matrix: [1 c], where c 2 = —1. We can see that this matrix 
generates a self-dual code C over R of length 2. Then the direct sum of the k copies of 
C is a self-dual code over R of length £ = 2k. 

For (ii), let q = 3 (mod 4). It is well known [46, p. 193] that if q = 3 (mod 4) then 
a self-dual code of length n exists if and only if n is a multiple of 4. Hence by the above 
observation, 4 | £. Conversely, let £ = Ak for some positive integer k. It is known [31, p. 
281] that if q is a power of an odd prime with q = 3 (mod 4), then there exist nonzero 
a and (3 in F q such that a 2 + (5 2 + 1 = in F q . We take a Euclidean self-dual code over 
F q of length 4 with the following generator matrix: 

„ _ 1 a j3 
[0 1 -0 a J ' 

where a 2 + /3 2 + 1 = in F q . We can see that this matrix generates a self-dual code C 
over i? of length 4. Then the direct sum of the k copies of C is a self-dual code over R 
of length £ = Ak. □ 

The following theorem is the building-up constructions for self-dual codes over R, 
equivalently, £-quasi-cyclic self-dual codes over F q for any odd prime power q. The proof 
is similar to that of [32], so the proof is omitted. 
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Theorem 2.2. Let Co be a self-dual code over R of length 2£ and Go = (r,) be a k x 2£ 
generator matrix for C Q , where is the i-th row of G , 1 < i < k. 

(i) Assume that char (F g ) =2 or q = 1 (mod 4). 

Let c be in R such that cc = — 1, yi be a vector in R 2e with (x, x) = —1, and 
yj = — (i*j,x) /or 1 < i < fc. Taen t/ie following matrix 





1 





X 


G = 






ri 






Vh 







generates a self-dual code C over R of length 2£ + 2. 

(ii) Assume that q = 3 (mod 4) and £ zs even. 

Lei a and (3 be in R such that aa+/3f3 = — 1 and a/3 = a/3. Let xi and x 2 &e vectors 
in R 2£ such that (x 1; x 2 ) = in R and (xj, x,) = —1 in R for each i — 1,2. For eaca 
i, 1 < * < fc, ^ Si = -(rj,xi), = -(rj,x 2 ), and = (s^t^asi + (3t h (3si - aU) 
be a vector of length 4. Then the following matrix 





1 











Xl 







1 








x 2 


G = 




yi 






ri 






yfc 









generates a self-dual code C over R of length 2£ + 4. 

The following theorem shows that the converses of Theorem 2.2 hold for self-dual 
codes over R with some restrictions. It can be proved in a similar way as in [32], thus 
we omit the proof. The rank of a code C means the minimum number of generators of 
C. The free rank of C is defined to be the maximum of the ranks of free i?-submodules 
of C. 

Theorem 2.3. (i) Assume that char (F q ) = 2 or q = 1 (mod 4). 

Any self-dual code C over R of length 2£ + 2 with free rank at least two is ob- 
tained from some self-dual code over R of length 2£ by the construction method in 
Theorem 2.2 (i). 

(ii) Assume that q = 3 (mod 4) and £ is even. 

Any self-dual code C over R of length 2£ + 4 with free rank at least four is ob- 
tained from some self-dual code over R of length 2£ by the construction method in 
Theorem 2.2 (ii). 

As seen in Theorem 2.3, there is some restriction (i.e. minimum free rank) for the 
converses. In order to release this restriction, in Theorem 2.7 we find certain conditions 
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of m and q under which the converse is true without the restriction. The following lemma 
is needed for the proof of Lemma 2.6 and Theorem 2.7, and it finds the explicit criterion 
for Y m — 1 to have exactly two irreducible factors over FJY], and it also characterizes 
the unit group of R. 

Lemma 2.4. (i) Y m — 1 has exactly two irreducible factors over ¥ q [Y] if and only if 
m is a prime p and q is a primitive element of¥ p . 

(ii) Assume that the condition in (i) holds. Then the unit group R* of R consists of 
f(Y) in ¥ q [Y] of degree < p - 1 such that /(l) G F* and %(Y) \ f(Y), where 
$ p (Y) = Y p - 1 + Y p - 2 + --- + Y + 1. Equivalently, f{Y) in ¥ q [Y] of degree <p-l 
is not a unit in R if and only ifY — 1 | f(Y) or $ P (Y) \ f(Y) in F g [F]. Hence we 
have \R*\ = (q - l)(g p_1 - 1). 

(iii) Assume that the condition in (i) holds. Then the ideal (Y — 1) of R has cardinality 
q^ 1 and the ideal ($ P (Y)) of R has cardinality q. That is, dim^ q ((p^ 1 (Y — 1)) = 
p - 1 and dim Fg (0 _1 ($ p (F)) = I. 

Proof. For (i), we note that a primitive mth root of unity ( belongs to some extension 
field of ¥ q as (m, q) — 1. There exists a prime divisor p of m. If p ^ m then Y m — 1 = 
(Y — l)<&p(Y)( Y¥~t ) nas & t least three irreducible factors over ¥ q . Thus, if Y m — 1 has 
exactly two irreducible factors over FJY], then we should have m = p. If m = p, then 
® P (Y) is irreducible if and only if all the roots of <& P (Y) are Galois conjugates over ¥ q , 
or equivalently, q is a primitive element of ¥ p . The other direction is obvious. 

To show (ii), by the Chinese Remainder Theorem we have the following canonical 
isomorphism 

^ . R _^ ¥ q [Y]/(Y - 1) © F 9 [F]/($ P (F)). 

Then f(Y) is a unit of R if and only if ip(f(Y)) is a unit, equivalently, /(l) G F* and 
$ P (F) f /(Y), so the result follows. 

(iii) is clear. □ 



Lemma 2.5. Let F\ and F2 be finite fields, and consider a ring 1Z = F\ x F 2 . i^ei 
&i G Fj X /or 2 = 1,2 and f\ = (ei,0),/2 = (0,e 2 ) G -R. T/ien every linear code over 71 
has a generator matrix (up to permutation equivalence) as follows: 





A12 


A n 


A M 


Ai 5 





fih 2 


f2M k2 















«4 3 


ctD 35 



where a G {f±, ^2}; Iki is the fc, x ki identity matrix % — 1,2, 3, M^ 2 is a k2 x &2 diagonal 
matrix with elements in the main diagonal not contained in TZfi, and all the elements 
of B24 and -B25 are or nonunits in 1Z. 
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Proof. We note that 1Z = F\ x F 2 = Rfi © Rf 2 is a commutative ring with unity 
l n = (1, 1), zero 0^ = (0,0) and f x f 2 = 0-^.. In fact, the group TV of units of 1Z is 
TZ - {TZf\ U Kf 2 ) = x F 2 , there exist r u r 2 G K such that l n = n/i + r 2 / 2 , and 
= (/j) is a maximal ideal of 1Z for i = 1, 2. 

Let Go be a generator matrix for G. We first note that there are four possible cases 
for each row of G . The first case is that a row contains a unit of 71, and the second one 
is that a row has no units but it contains both a nonzero element in (f ± ) and a nonzero 
element in (/ 2 ). The third case is that a row consists of only the elements in (fi), and 
the last case is that a row contains only the elements in (f 2 ). Below we transform Go 
into G by column permutation and elementary row operations. 

We notice that G can be transformed into G\ such that the first k x rows (respectively 
the first ki columns) of G\ are equal to the first ki rows (respectively the first k\ columns) 
of G in Eq. (2). Deleting the first k\ rows and the first k x columns of Gi, we make G 2 . 
We may assume that there is no unit component in G 2 (up to row equivalence); otherwise 
we can increase k\. 

Now assume that the first row of G 2 is (<7i/i, (72/2, • • • ) with gi = (ai,6i) ^ (/ 2 ) 
and g 2 = (a 2 ,b 2 ) ^ (fx). Since gi = (ai,&i) ^ (^2), we have ai 7^ 0, that is, ai G F*, 
and similarly, a 2 G F 2 X . Thus there exists g~\ = (a^ 1 ,c 2 ) in 72.* such that gifigi = 
f\. Multiplying the first row of G 2 by gi, we may assume that the first row of G2 is 
(/1, 52/2, • • • ) with ^2 := ^1^2 ^ 

We claim that all the components of the first column of G2 are in (f\). Suppose 
g = (a,b) is in the first column of G 2 with g (fx). If g ^ (f 2 ), then g is a unit, 
which is impossible. Thus, g G (f 2 ). This leads to a unit component in G 2 (up to row 
equivalence). 

We therefore may assume that all the components of the first column after f\ are 
zero by elementary row operations. Likewise each component of the second column of 
G 2 is in (f 2 ). Suppose G 2 has the following form 

h 9ifi ■ ■ ■ 
g 2 'f2 ■■■ 

for some g 2 = (a 2 ,b 2 ),g 2 = (a' 2 ,b' 2 ) where we have b 2 ,b 2 G F 2 . We add 

(0, — 6 2 /6 2 )x(the first row of G 2 ) to the second row of G 2 . Then we have 

fi #2/2 ••• 
••• 

In this way, we may assume that the components of the second column after f 2 are all 
zero. Now assume that the second row of G 2 is (0, 0, fi, gzf 2 , . . . ) for some #3 G" (fi). In 
other words, G 2 has the following form 

fi #2/2 P 1 ■■■ 
h g 3 f 2 ■■■ . 



7 



By the same reasoning as above, we may assume that f3 = 7 = 0. Repeating the 
above process, after some possible column changes, we may thus assume that G 2 has 
the following form for some k 2 . 



fih 2 f 2 M k2 B 
O O D 



The rest of the theorem follows in a similar way. 



□ 



Lemma 2.6. Let m be a prime p and q be a primitive element of¥ p . Then a linear code 
C over the ring R = ¥ q [Y]/(Y m — 1) has a generator matrix G in the following form 
{up to permutation equivalence) : 



where I ki is the ki x ki identity matrix % = 1,2,3, M k2 is a k 2 x k 2 diagonal matrix with 
nonzero elements in the main diagonal over ¥ q , all the elements of B 2i and B 25 are 
or nonunits, and a is Y — 1 or $ p (Y). 

Proof. As m is a prime p and q is a primitive element of F p , Y m — 1 has exactly two 
irreducible factors Y — l and & P (Y) by Lemma 2.4 (i). From Lemma 2.4 and Lemma 2.5, 
the result follows immediately. □ 

The following theorem shows that the building-up construction is a complete method 
for constructing all £-quasi-cyclic self-dual codes of length mi over ¥ q subject to certain 
conditions of m and q. 

Theorem 2.7. Every self-dual code C over R = ¥ q [Y]/(Y m — 1) of length 2£ + 2 can 
be obtained by the building-up construction given in Theorem 2.2 (up to permutation 
equivalence) , provided that char (¥ q ) = 2 or q = 1 (mod 4), m is a prime p, and q is a 
primitive element of¥ p . 

Equivalently, every I -quasi- cyclic self-dual code of length mi over ¥ q can be obtained 
as the image under _1 of a code over R which is obtained by the building-up construction 
subject to the same conditions of m and q as above. 

Proof. Let C be a self-dual code of length 21 over R with a generator matrix of the form 
in (2). Then we first show the following properties: 



Iki A-Yl ^13 -^14 ^15 

G= O (Y-l)I k2 %{Y)M k2 B 24 B 25 
O al k3 aD 35 



(2) 



(i) k 3 = and k± + k 2 — £, 



(ii) k x > 1 



(iii) h > 2 if 2i > 4. 
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(i) By the Chinese Remainder Theorem, we have 

Define : it! — >■ ¥ q and \I/ 2 : R — > F^p 1 as natural projections. We extend 
componentwise: 

*i : M(R,m,n) ->■ M(F ? ,m,n), 

where M(R,m,n) and M(F g ,m, n) are the m x n matrix spaces over R and ¥ q , 
respectively. Similarly we extend \I/ 2 . By Theorem 4.2 in [36], C — C 1 ©C 2 , where 
C\ is a self-dual code over ¥ q and C 2 is a self-dual code over F^ _1 . By the proof 
of Theorem 6.1 in [37], ^i(G) and ^ 2 {G) are generator matrices for C\ and C2, 
respectively, so we have rank^^G)) = £ = rank(\I/ 2 (G)). If a = Y — 1, then 
rank($ 1 (G)) = k\ + k 2 and rank($ 2 (G)) = k\ + fc 2 + fc 3 , which shows that k 3 = 
and fci + /c 2 = £. It is also shown similarly for the other case a = ® P (Y). 

(ii) We claim that there is a unit in the first component of some codeword in C. 
Suppose there is no unit in the first component of all codewords in C. Then we 
assume that all the first components are in (Y — 1) or (<& p (Y)). This is because 
the first components cannot contain both a nonzero element in (Y — 1) and a 
nonzero element (<$> p (Y)), since some i?-linear combination of those two elements 
is a unit in R by Lemma 2.4 (ii). If all the first components are in (Y — 1), then 
(<3>p(F), 0, 0, . . . , 0) is in C 1 - = C which is a contradiction. Similarly, if all the 
first components are in (<E> p (F)), then (Y — 1, 0, 0, . . . , 0) is in C L = C which is a 
contradiction. Therefore there is a unit in the first component of some codeword 
in C. Hence k\ > 1. 

(iii) From (i) and (ii) we have k± > 1 and fc 3 = 0. We then first observe that the 
column size of the last block of G in Eq. (2) is exactly k\ as k\ + k 2 = I. To get 
a contradiction, suppose k\ — 1. Then by Lemma 2.6, G is of the following form 
with 7,fteJ?(l<i<f - 1); 



G 



1 A12 A13 7 

A 

; (r-i)4 2 $ P (r)M fc2 ; 




Let r 2 be the second row of G with r 2 = (0, Y - 1, 0, . . . , 0, ci<E> p (Y), 0, . . . , 0, ft) 
for some C\ in F*. Then 



= (r 2 , r 2 ) = (Y - 1)(Y - 1) + c{%{Y)%{Y) + ftft 



But, we can se e that h{Y) := (Y - 1)(Y - 1) + c?$ p (r)$ p (F) = (2 - Y - F) + 
c^$ p (Y)$ p (Y) is a unit in R by Lemma 2.4; in fact, h(l) = p 2 cj G F* and 2 - Y - 
Y =^ -(YP- 1 + Y - 2) is not divisible by $ P (Y), and so $ P (Y) f /i(Y). Therefore, 
ftft is a unit in R, and hence ft is a unit. This is a contradiction because ft is 
or a nonunit by Eq. (2). Therefore fci > 2. 
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Now suppose that C is a self-dual code over R of length 2£ + 2. Then k\ > 2 by (iii) 
above. Hence Eq. (2) gives a generator matrix in (i) of Theorem 2.3. Thus it follows 
from (i) of Theorem 2.3 that C is obtained from some self-dual code over R of length 2t 
by the construction in (i) of Theorem 2.2. □ 

What follows shows that in the binary cubic self-dual codes we can eliminate the 
restriction for the converse of the construction in Theorem 2.2. in other words, it shows 
that any binary cubic self-dual codes can be found by the building-up construction in 
Theorem 2.2. 

Corollary 2.8. Let R = ¥ 2 [Y]/ (Y 3 -1) . Let C be a self-dual code over R of length2£+2. 
Then C is obtained from some self-dual code over R of length 21 by the construction 
method in Theorem 2.2 (up to equivalence). 

3 Construction of binary quasi-cyclic self-dual codes 

In this section we construct binary cubic quasi-cyclic self-dual codes and binary quintic 
quasi-cyclic self-dual codes by using Theorem 2.2. 

3.1 Binary cubic self-dual codes 

A. Bonnecaze, et. al. [3] have studied binary cubic self-dual codes, and they have given a 
partial list of binary cubic self-dual codes of lengths < 72 by combining binary self-dual 
codes and Hermitian self-dual codes. 

Using Corollary 2.8, we find a complete classification of binary cubic self-dual codes 
of lengths up to 24 (up to permutation equivalence). To save space, we post the classi- 
fication up to n = 30 in [33]. 

We note that the classification of binary self-dual codes of lengths up to 32 was 
given by Pless and Sloane [44] and Conway, Pless and Sloane [10]; hence it is possible 
to classify all binary cubic self-dual codes of length 32. 

Below is the summary. 

Theorem 3.1. Up to permutation equivalence, 

(i) there is a unique binary cubic self-dual code of length 6. 

(ii) there are exactly two binary cubic self-dual codes of length 12, one of which is 
extremal. 

(iii) there are exactly three binary cubic self-dual codes of length 18, one of which is 
extremal. 

(iv) there are exactly sixteen binary cubic self-dual codes of length 24, where the ex- 
tended Golay code and the odd Golay code of length 24 are obtained. 
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For even i > 10 we have tried to construct as many codes as possible due to com- 
putational complexity. Recall that we have summarized the number of extremal cubic 
self-dual codes of lengths < 66 in Table 1. 

Using the following lemma, we determine possible weight enumerators of a binary 
£-quasi-cyclic self-dual code of length p£ with p a prime. 

Lemma 3.2. ([38, Ch. 16, Sec. 6]) Let C be a binary code and H any subgroup of 
Aut(C). If Ai is the total number of codewords in C of weight i, and A^H) is the 
number of codewords which are fixed by some non-identity element of H, then 

Ai = A t (H) (mod \H\). 

We remark that in [38, Ch. 16, Sec. 6] Ai(H) is defined as the number of codewords 
which are fixed by some element of H. Since the identity of H always fixes any codeword, 
we need to consider some non-identity element of H. Thus the codewords of weight i 
can be divided into two classes, those fixed by some non-identity element of H, and the 
rest. Then just follow the proof of [38, Ch. 16, Sec. 6]. 

Corollary 3.3. Let C be a binary t- quasi- cyclic self-dual code of length pi with p a 
prime. If the weight i is not divisible by p, then Ai is divisible by p. In particular, Ad is 
a multiple of p if d is not divisible by p. 

Proof. We know from [36, Propositon A.l] that if p denotes a prime, a binary code 
C of length tp is £-quasi-cyclic if and only if Aut(C) contains a fixed-point free (fpf) 
permutation of order p. Hence C contains an fpf permutation a of order p. Let H = (a) 
whose order is p. Since a is an fpf of order p and any codeword of weight % with p \ % 
cannot be fixed by any non-identity element of H, we have Ai(H) = 0. Therefore by 
the above lemma, A { = (mod p). □ 

(i) i = 10, [30, 15, 6] codes 

There are three weight enumerators for self-dual [30, 15,6] codes [11]: 
Wi = 1 + 19y 6 + 393y 8 + 1848y 10 + 5192y 12 + • • • . 
W 2 = 1 + 27y 6 + 36% 8 + 1848y 10 + 5256y 12 + • • • . 
W 3 = l + 35y e + 345y 8 + 1848y 10 + 5320y 12 + • • • . 

It is known [10], [11] that there are precisely three codes with Wi, a unique code 
with W2, and precisely nine codes with W3. Only two cubic self-dual [30,15,6] 
codes are given in [3]. We have constructed three codes with W\ whose group 
orders are 576, 1152, 18432 respectively. We have also constructed five codes with 
W3 whose group orders are 30,192,1440,40320,645120. To save space, we post 
these codes in [33]. In fact, these are all the cubic self-dual [30, 15, 6] codes by the 
following calculation. 

On the other hand, we have noticed that Munemasa has posted all binary self-dual 
[30, 15] codes in [40]. Let Cj be the ith code in his list. By Magma, Cj has d = 6 if 
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and only if i e {11, 61, 98, 119, 174, 184, 217, 350, 379, 397, 419, 487, 697}. We have 
further checked that the three codes with W 1 denoted by C 397 , C 4 i 9 , C 697 are all cu- 
bic and only five out of the nine codes with W3, denoted by Cng, C174, Ciu, C350, CW, 
are cubic. We have also checked that there is no cubic code with W 2 . 

Theorem 3.4. Up to permutation equivalence, there are exactly 8 binary cubic 
self-dual [30, 15, 6] codes. 

i = 12, [36, 18, 8] codes 

There are two weight enumerators for self-dual [36, 18, 8] codes (refer to [11], [39]): 
W x = 1 + 225y 8 + 2016y 10 + • • • . 
W 2 = 1 + 289y 8 + 1632y 10 + • • • . 

For cubic codes, p = 3 should divide A 8 by Corollary 3.3. Therefore any binary cu- 
bic self-dual [36, 18,8] code has weight enumerator W\. Bonnecaze, et. al. [3] gave 
one code CSD m with W 1 and group order 288. We have found 9 inequivalent cubic 
self-dual [36, 18, 8] codes with W x and groups orders 18, 24, 36, 48, 96, 240, 288, 384, 
and 12960. We have checked by Magma that our code with group order 288 is 
equivalent to CSD^q. Hence there are at least 9 extremal cubic self-dual codes of 
length 36. These codes are posted in [33]. 

It is shown [39] that there are exactly 41 binary self-dual [36, 18, 8] codes and 
exactly 25 codes among them have A 8 = 225. However we have noticed that 
many generator matrices in [39] do not produce self-dual codes. This was con- 
firmed by Gaborit [14] and was corrected in his website [15]. From the corrected 
list of the binary self-dual [36,18,8] codes [15], we have checked that only 13 
of the 25 self-dual [36, 18, 8] codes with A s = 22 are cubic by further investi- 
gating the existence of a fixed point free automorphism of order 3 in each code. 
Let Ci be the ith code from the list of [15]. Then C; is cubic if and only if 
% e {1, 3, 6, 7, 8, 9, 11, 12, 14, 16, 21, 22, 25}. 

Independently, Harada and Munemas [27] have recently classified all binary self- 
dual [36, 16] codes including the extremal self-dual [36, 16, 8] codes. They con- 
firmed that there are exactly 41 extremal self-dual [36, 16, 8] codes and exactly 25 
codes among them have A s = 225. Let Ci be the ith code from the list of [27]. 
Then Q is cubic if and only if i e {1, 4, 12, 13, 15, 16, 19, 21, 24, 26, 27, 31, 33}. 

Theorem 3.5. Up to permutation equivalence, there are exactly 13 binary cubic 
self-dual [36, 18, 8] codes. 

£= 14, [42,21,8] codes 

There are two weight enumerators for self-dual [42,21,8] codes [5, 29]: 
Wi = 1 + lQ4y 8 + 679y 10 + • • • . 
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W 2 = l + (84 + 8/3)y 8 + (1449-24/3)y 10 + --- {(3 G {0, 1, 22, 24, 26, 28, 32, 42}). 

By Corollary 3.3, 3 should divide A$. Therefore any binary cubic self-dual [42, 21, 8] 
code has weight enumerator W 2) where 3 divides 84 + 8/3, that is, f3 is a multiple 
of 3. Bonnecaze, et. al. [3] gave one code with W 2 and f3 — 0. We have found 
14 inequivalent cubic self-dual [42, 21, 8] codes with (3 = 0, 3, 6, 9, 12 with group 
orders 3, 6, 12, and 36. It is shown that if a self-dual code satisfies W 2 with /3 G 
{24,26,28,32,42}, it is equivalent to one of the eight codes in [5, Table 1]. If it 
is cubic, then f3 should be (3 = 24 or 42 by the divisibility condition on f3. For 
f3 = 24, there are three codes denoted by 624,1,624,2,624,3 [5]. We have checked 
that only 6*24,2 has a fixed point free automorphism of order 3; hence it is cubic. 
For (3 = 42, there is only one code denoted by 642 [5]. We have checked that it 
has a fixed point free automorphism of order 3; hence it is cubic. 

We have found [6, Table 5] where it is shown that there are exactly 1569 binary self- 
dual [42, 21, 8] codes with a fixed point free automorphism of order 3 and weight 
enumerator W 2 . This table confirms the above calculations. 

Theorem 3.6. Up to permutation equivalence, there are exactly 1569 binary cubic 
self-dual [42,21,8] codes. 

£ = 16, [48, 24, 10] codes 

There are two weight enumerators for self-dual [48,24, 10] codes [29]: 
Wi = l + 704y 10 + 8976y 12 + • • • . 
W 2 = 1 + 768y 10 + 8592y 12 + • • • . 

By Corollary 3.3, any binary cubic self-dual [48, 24, 10] code has weight enumerator 
W 2 . Bonnecaze, et. al. [3] gave one code with W 2 with no group order given. We 
have found four inequivalent codes with W 2 and group orders 3, 6, 12, and 24. See 
Table 2 for details, where the first column gives the code name, the second and 
third columns the X vector and the base matrix in Theorem 2.2, the fourth column 
the corresponding weight enumerator of the binary code, and the last column the 
order of the automorphism group of the binary code. 

i = 18, [54, 27, 10] codes 

There are two weight enumerators for self-dual [48,24, 10] codes [29]: 

W x = l + (351 - 8/3)y 10 + (5031 + 2A/3)y 12 + ■■■ (0 < f3 < 43). 

W 2 = l + (351-8/3)y 10 + (5543 + 24/3)y 12 + (43884 + 32/3)y 14 + • • • (12 < p < 43). 

Any binary cubic self-dual [54, 27, 10] code has W\ or W 2 as its weight enumerator; 
in both cases, 3 divides (3 with the same reasoning as above. Bonnecaze, et. al. [3] 
gave two codes, one with W\ and f3 — and the other with W 2 and f3 — 12 (and 
group order 3). We have found four inequivalent codes with W\ and j3 — 0, 3, 6, 9 
(all group orders 3) and three inequivalent codes with W 2 and (3 = 12, 15, 18 (all 
group orders 3). See Table 2 for more details. 
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(vi) £ = 20 

We have not found any self-dual [60, 30, 12] codes even though there are at least 
three cubic self-dual [60, 30, 12] codes [3] with W 2 and /3 — 10 in the notation 
of [29]. 



(vii) 



i = 22, [66, 33, 12] codes 

There are three possible weight enumerators for self-dual [66,33, 12] codes [29]: 



w 2 



1 + 1690y 12 + 7990y i4 + • • • , 
1 + (858 + 8/3)y 12 + (18678 - 2A/3)y 14 + 



(0 < (3 < 778), and 

W 3 = 1 + (858 + 8/3)y 12 + (18166 - 24/3)y u + ■■■ (14 < p < 756). 

By Corollary 3.3, any binary cubic self-dual [66, 33, 12] code should have weight 
enumerator W 2 with j3 in the given range as above since A u should be divisible 
by 3. Bonnecaze, et. al. [3] gave two codes with W 2 and (3 = 21,30. Using G 2 o 
with various values of X in Table 2, we have constructed five inequivalent codes 
with W 2 and (3 = 17, 23, 26, 43, 46. All have automorphism group of order 3. 

The following generator matrices G u , Giq, and G 20 are used in Table 2 for construct- 
ing binary extremal cubic self-dual codes of n = 48, 54, 66. 



G 



14 



G 



16 



G 2 Q — 



1, 0, Y A + Y, Y + 1, 1, Y, Y^ + Y + 1, Y, Y, 0, V + Y,Y^, 1, 
Y, Y, 1, 0, Y 2 , Y 2 + Y + 1, Y 2 + Y, Y 2 + Y + 1, Y 2 + Y + 1, Y' 
Y 2 + 1, Y 2 + 1, 0, 0, 1, 0, 0, Y 2 + Y, Y, Y 2 , Y 2 + 1, Y, Y 2 + Y + 
1, 1, Y 2 + 1, Y 2 + 1, Y 2 + 1, Y 2 + 1, 1, 0, Y 2 , Y 2 + Y, Y 2 ,Y 2 4 
1, 1, 1, 1, 0, 0, Y 2 + Y + 1, Y 2 + Y + 1, 1, 0, Y + 1, Y 2 + 1, Y 2 H 



+ 1, V, Y + 1, Y, Y 

1,Y 2 + Y + 1 

Y + 1, Y 2 + 1, Y 2 + V 

y, + v + 1 



y* + y + l, y* + y + l, y, y, 1, 1, y + 1, y + 1, 1, 1, 1, o, y + 1, y^ + y + 1 
y 2 , y 2 , l, l, y 2 + y + 1, y 2 + y + 1, y 2 , y 2 , y 2 , y 2 , y, y, 1, 1 
i, o, y 2 + y, o, y 2 , y 2 , y 2 + y + i, y + i, i, y, y 2 , y 2 , i, y 2 , y + i, o 
y + l, y + l, l, o, y 2 , y, l, y 2 , y 2 + 1, 1, y, y 2 , y 2 + y + 1, y, y + 1, y + l 
y, y, y + i, y + i, i, o, y 2 , y 2 + y + i, y 2 + y, y 2 + y + i, y 2 + y + i, y 2 + 1, y 2 , y + i,y,y 
y 2 + y, y 2 + y, y 2 + y, y 2 + y, o, o, i, o, o, y 2 + y, y, y 2 , y 2 + 1, y, y 2 + y + i, y 2 + y + 1 

0, o, i, i, y 2 + i, y 2 + i, y 2 + 1, y 2 + 1, 1, o, y 2 , y 2 + y, y 2 , y 2 + y + 1, y 2 + 1, y 2 + y 

1, l, y 2 + y, y 2 + y, i, 1, o, o, y 2 + y + 1, y 2 + y + 1, 1, o, y + 1, y 2 + 1, y 2 + y, y 2 + y + 1 
y + i, y + i, y 2 + y + i, y 2 + y + i, y, y, i, i, y + i, y + i, i, i, i, o, y + i, y 2 + y + i 
y 2 + y + i, y 2 + y + i, y, y i, i, y 2 + y + i, y 2 + y + i, y 2 , y 2 , y 2 : y 2 , y, y, 1, 1 
i, o, o, y 2 + i, y 2 + y + i, y, y 2 , y 2 , i, y 2 + y, o, i, y + i, i, y 2 , y, y + i, y 2 + i, i, i 
y, y, i, o, y + i, y + i, y + i, i, y + i, i, y 2 + y + i, y, y 2 , y 2 + y, y 2 , i, y + i, y 2 , i, y + i 
y 2 + y + i, y 2 + y + i, y 2 + i, y 2 + i, i, o, y 2 + y, o, y 2 , y 2 , y 2 + y + i, y + i, i, y, y 2 , y 2 
o, o, o, o, y + i, y + 1, 1, o, y 2 ,y, i, y 2 , y 2 + 1, i, y, y 2 , y 2 + y + 1, y, y + 1, y + 1 

y + i, y + i, y 2 + y, y 2 + y, y, y, y + 1, y + 1, 1, o, y 2 , y 2 + y + 1, y 2 + y, y 2 + y + 1, y 2 + y + 1, y 2 + 
, y, y, y 2 + y, y 2 + y, y 2 + y, y 2 + y, o, o, 1, o, o, y 2 + y, y, y 2 , y 2 + i, y, y 2 + y + 1, y 2 + y + 1 
+ y + i,y 2 +y + i,o,o,o,o,i,i,y 2 +i,y 2 + i,y 2 + i,y 2 + i,i,o, y 2 ,y 2 +y, y 2 ,y 2 + y + i,y 2 + 
- i, y + i, i, i, i, i, y 2 + y, y 2 + y, i, i, o, o, y 2 + y + i, y 2 + y + i, i, o, y + i, y 2 + i, y 2 + y, y 2 + y 



l, y-% y + i, o 



o, o, 
y 2 
y 
y 2 
y 2 



i, y^ 
h i 



i, y^ 
i, y 2 



- y - 
y 



l, y z + i, y z 4 
l, l, i, y 2 4- y 



l, y 4- 1, y 4- 1, y" + y + l, y" + y + l, y, y, 1, 1, y 4- 1, y 4- 1, 1, 1, 1, 0, y + 1 
- 1, y 2 + y + 1, y, y 1, 1, y 2 4- y 4- 1, y 2 + y 4- 1, y 2 , y 2 , y 2 , y 2 , y, y, 1, 1 



4- 1, y y 
y 

, y 2 4- y 4- 1 



3.2 Binary quintic self-dual codes 

In this subsection, we give the classification of binary quintic self-dual codes of even 
lengths up to 30 (up to permutation equivalence) by using Theorem 2.7 since 2 is a 
primitive element of F 5 . Using the known classification of binary self-dual codes of 
lengths up to 30, one can also classify binary quintic self-dual codes of these lengths. 
To save space, we post the classification result in [33]. We know from [10, Table F] 
that there are exactly 13 optimal binary self-dual [30, 15, 6] codes with three distinct 
weight enumerators W\, W 2 , W3 from Section 3.1. Exactly nine of them have the weight 
enumerator W 3 = 1 + 35y 6 + 3A5y 8 + 1848y 10 + 5320?/ 12 + • • • . By Corollary 3.3, W 3 is 
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Table 2: Binary extremal Type I cubic self-dual codes of length n = 48, 54, 66 



Codes C„,i 


X vector 


Using Gen 
Matrix 


Weight 
Enumerator 


|Aut| 


^48,1 


(Y, Y + 1, Y' 2 + 1, y 2 , 0, 1, 0, 

y 2 , o, y 2 + y, o, y 2 + y, y 2 , o) 


G14 


W 2 


3 


^48,2 


(y 2 + y, o, y 2 + y + 1, 1, y, 1, y + 1, 
y 2 + i, y 2 + i, i, y 2 + y + 1, 1, y 2 , y 2 ) 


G14 


W 2 


24 


C48,3 


(y 2 , y 2 + y + l, y 2 , o, y, o, y 2 + y + l, 
y 2 + y, o, y + i, y, y 2 + i, y, y 2 + i) 


G14 


w 2 


12 


^48,4 


(o, o, y 2 + y, y 2 + y + i, y + i, y, 
i, y 2 + y, y 2 + i, y 2 , y + i, y 2 , y, i) 


G14 


w 2 


6 


^54,1 


(y 2 + y + i, y^ + 1, y z + l, y 2 + 1, y^ + 1, y' z + y, y 2 + y + l, 
y 2 + y + i, y 2 + y, y 2 , o, y + i, i, o, y 2 + y + i, y 2 + y + i) 


Gl 8 


W 2 , P = 18 


3 


^54,2 


(y + i, y + i, y + i, i, y + i, i, y 2 + y + i, y, y 2 , 
y 2 + y, y 2 , i, y + l, y 2 , l, y + 1) 


Gl6 


W 1: P = 9 


3 


C54,3 


(y, y 2 , y + i, o, l, y 2 , y, y 2 + l, l, y 2 + y, i, y, 
y 2 + y + i, i, y 2 + y + i, y 2 + i) 


Gl6 


W 2 , P = 15 


3 


C54,4 


(y 2 + y, y 2 + y + 1, y 2 + y, 1, y 2 + 1, y + 1, o, y 2 + y, 
y 2 , i, i, o, y 2 + i, y, i, y 2 + i) 


Gl6 


Wi , /3 = 3 


3 


^54,5 


(i, y, y, y, y + 1, y 2 , y, o, y + 1, y 2 + y, y 2 , 
y 2 + y + i, y 2 , y 2 + y o, y + i) 


Gl6 


W-l, P = 


3 


^54,6 


(y 2 , o, y 2 , y 2 + y + i, y 2 + y, o, o, 
y 2 + i, o, y 2 + y, y, o, y 2 , y 2 + y, y + i, o) 


Gl6 


W 2 , P = 12 


3 


Cs4,7 


(y 2 + y + i, y 2 + y, y 2 + y, y + 1, y, y 2 , y 2 + y, y 2 + y + 1, 
y 2 + y + i, y 2 + i, y 2 + y, y 2 , y 2 + i, y 2 + y + i, y + i, o) 


Gl6 


Wi , /3 = 6 


3 


C ee ,i 


(y 2 + i, l, y + i, i, o, o, y 2 + y + i, o, i, y 2 , 
i, y, y + i, i, i, y 2 + y, o, y + i, o, o) 


G20 


W 2 , /3 = 46 


3 


C66.2 


(y 2 + y + i, y 2 + y + 1, o, 1, y, y 2 , y 2 , 1, y 2 + y + i, y 2 + y + 1, 
y 2 + l, y 2 , y 2 + 1, o, y 2 + y + 1, y 2 + y + 1, y 2 + 1, o, y, y + i) 


G20 


W2, /3 = 17 


3 


^66, 3 


(o, o, y 2 + y, i, y 2 + y, y 2 + y + i, y + i, i, y + i, y, y 2 + y + i, 
y, y 2 + i, y + i, y 2 , y + i, y + i, y 2 + y + i, y, y + i) 


G20 


W 2 , P = 23 


3 


^66, 4 


(y 2 , y 2 + i, y 2 , y 2 , y + i, o, i, o, i, y 2 + i, y 2 + i, 
1, y 2 + y, y + i, i, y, y + i, y 2 + i, o, y 2 ) 


G20 


W 2 , /3 = 26 


3 


C66.5 


(y, y, y 2 , y 2 + i, y + i, y, o, y + i, y 2 + y + 1, o, y 2 + 1, 
y 2 + y + i, i, y, y 2 + y + i, y 2 + y, o, y 2 + i, y 2 + v, o) 


G20 


Vy 2 , P = 43 


3 



15 



the only possible weight enumerator for a binary extremal quintic self-dual code. We 
have checked that only four codes are binary quintic optimal self-dual codes of length 
30. 

Theorem 3.7. Up to permutation equivalence, 

(i) there is a unique quintic self-dual code of length 10. 

(ii) there are exactly three quintic self-dual codes of length 20, two of which are ex- 
tremal. 

(iii) there are exactly eleven quintic self-dual codes of length 30, four of which are 
optimal. 

Making successive random choices of x from Gq >2 by using the building-up construc- 
tion in Theorem 2.2 with c = 1, we obtain G± 2 = [L \ R], where L and R are given 
below. 



y + y + y 

4- Y 3 + Y 2 + Y - 
Y 4 + Y 2 
Y 4 + Y 2 + 1 
Y 4 + Y 2 + Y 



Y + Y + Y 
f Y 3 + Y 2 + Y - 
Y 4 +Y 2 
Y 4 + Y 2 + 1 
Y 4 + Y 2 + Y 



Y + Y + Y 



Y 3 + 1 



Y * + Y 3 + Y 2 + 1 



Y 3 + 1 



Y 4 + Y 3 + Y 2 
Y 4 +Y 2 
1 

Y 4 

Y 4 + Y 3 + Y 2 + 




Y 4 

Y 4 +Y 3 +Y 2 +Y 



Y 3 
1 

f Y 2 
Y 2 



- Y + Y 
Y 3 + Y 


4 +Y 2 + 
Y 2 



- Y + Y 
Y 

1 
1 



+ y 

Y 2 



1 



y 3 + y 
y + 1 
o 
i 



- Y 2 

f y 
y' + y + i 
i 
i 



y" 
y 4 

^3 , 



We verify that the corresponding binary quintic self-dual code of G 12 has parameters 
[60,30,12]. The deletion of the first two columns and the first row of Gn is denoted 
by Gio, and similarly we obtain G 8 from Gio- Their corresponding binary quintic self- 
dual codes have parameters [40,20,8] (Type II) and [50,25,10]. We summarize their 
corresponding weight enumerators of G 8 , G w , G\ 2 respectively as follows. 

1 + 285/ + 21280?/ 12 + 239970?/ 16 + 525504?/ 20 H , 

1 + 516?/ 10 + 7720?/ 12 + 55880y 14 + 291990?/ 16 + 1077265?/ 18 + 281042% 20 + 5287640?/ 22 + 7245780?/ 24 H , 

1 + 3195i/ 12 + 29760?/ 14 + 284625i/ 16 + 1728000i/ 18 + 7769400y 20 + 26392320y 22 + 67226760j/ 24 + 130060800y 26 
+193151475J/ 28 + 220449152?/ 30 H . 



The first one is the unique extremal weight enumerator, the second weight enumerator 
corresponds to W 2 with (3 = 2 in [29], and the third weight enumerator corresponds to 
W 2 with j3 — 10 in [29]. The orders of the automorphism groups are 10, 5, and 20 
respectively. 
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4 Construction of quasi-cyclic self-dual codes over 
various finite fields 

In this section we find quasi-cyclic self-dual codes over F 2 , F 3 , F 4 and F 5 which are 
optimal or have best known self-dual codes by applying the building-up construction in 
Theorem 2.2. 



4.1 Cubic self-dual codes over F4 and F5 

In [22] , we have given cubic self-dual codes over F 4 and F 5 that are optimal or have best 
known parameters. In particular, we have the following. 

Theorem 4.1. There are at least two monomially inequivalent [24, 12,9] self-dual codes 
over¥ 5 , one of which is cubic and denoted by CSD^. 

Applying Construction A [12], we can construct the odd Leech lattice 2 4 using the 
idea in [25]. In [25, Prop. 4] it is shown that for a self-dual [24, 12, d > 8] code C over 
F 5 , the corresponding lattice A 5 (C) by Construction A is the odd Leech lattice O24 if 
there is no codeword x e C with no(x) = 14, ni(x) = 10, and n 2 (x) = 0, where rij(x) 
denotes the number of coordinates of x with ±i for i — 0, 1, 2. We have calculated the 
complete weight enumerator of CSD\ A by Magma and checked that there is no such x 
in CSD^- Thus A^CSD^) = O24. Since it is known [12] that one of the two even 
unimodular neighbors of O24 is the Leech lattice A 2 4, we have another way to construct 
A 24 using our new code CSD^, rather than Q 24 used in [42]. 



4.2 Quintic self-dual codes over F3 and F4 

In this section, we find more quintic self-dual codes over F 3 and F 4 which are optimal 
or best known self-dual codes by using the building-up construction in Theorem 2.2. 

• Case: q = 3 

Using (ii) of Theorem 2.2 with a — 1 and f3 — 1, we obtain the following 7 8 = 
[L I R}: ' 



1 



Y 4 + 2Y 2 - 
Y 4 + 2Y 3 + Y 2 - 



Y 

-2Y 





10 

2Y 4 + 2Y 3 + Y 2Y 3 + 2Y 2 + 2Y 2Y 4 + Y 3 + 2Y 2 

2 y2 + Y Y 4 + 2Y' A + 1 Y 4 + 2Y 3 + 2Y 2 + Y + 1 



R - 



Y 2 + 1 2Y 4 + Y 2 + Y + 2 2Y 3 Y 4 + 2Y 3 + 2Y + 1 

2Y 4 + Y 2 + Y + 2 2Y 4 + Y 3 + Y 2 + 2Y + 1 Y 4 + 2Y 3 + 2Y 2 + 1 Y 4 + 2Y 3 + Y + 1 

Y 4 + Y 2 + 2 2Y 4 + Y 3 + 2Y 2 + 2Y + 1 Y 4 + 2Y 3 + 2Y 2 + Y Y 3 + 2Y + 1 

2Y 4 + 2Y 3 + 2 2Y 4 + Y 3 + 2Y 2 + 2 Y 2Y 3 + 2Y 2 + Y + 2 



We also obtain a 2 by 4 matrix 7 4 by deleting the first four columns and the first two 
rows of 7 8 . The corresponding ternary quasi-cyclic self-dual codes are all extremal 
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self-dual codes. More specifically, 1^ induces a [20, 10, 6] code and Is induces a 
[40, 20, 12] code, and the orders of the automorphism groups are 2 8 • 3 • 5, 10, 
respectively. There are exactly six extremal [20, 10, 6] self-dual codes, and our 
code with the generator matrix J 4 corresponds to 19th code in Table III [45]. 

We denote the code with the generator matrix I 8 by QSD\ Q . There are at least 
118 [40, 20, 12] ternary extremal self-dual codes. More precisely, the 15 codes with 
automorphisms of prime order r > 5 were found in [28]. It was reported in [23] 
that there are five more [40, 20, 12] ternary extremal self-dual codes. But we have 
checked that the codes C^ w \ and C4o,«,3 in [23, Table 6] have minimum weight 9. 
Hence three codes were found in [23], and we have verified that these three codes 
are not equivalent to QSDl . There are 100 codes in [24] whose automorphism 
group orders are greater than \Aut(QSDl Q )\ = 10. In what follows, we give the 
generator matrix [L\R] of QSD\ : 

-10001201000001 20000- 
10 211100 12010000 
000 2101112 02122022 
1011220221 1001112 2 
000020110 12 1 000 
00002211 10021110000 
12 2121 00021 1112 
10112200101122022101 
00000022000 02011 00 
00 122 000221101 
0221012112 212100000 
20222102101122001011 
00001100000 00220000 
00001120000001220000 
202212200221012112 2 
1202 202202221 21011 
1 2 1 1 
1 2 1 1 1 2 
112002122022122 0221 

.2101 011120202022022. 



"110 000002200 02 1 
1120 00 012200002211 
1220022101211202121 
02022022210210112200 
0102 00 110000000022 
1201 000112 000 0122 
02122022122002210121 
001112 20202202221 2 
12010000010200 1100 
2111000012010000112 
2101112002122022122 
220221010011120202 2 
0201100012 100 01 2 
2211 10 2111000 12 1 
1210000 2101112 0212 
22001011220221 10 11 
00220000020110 12 1 
01220000221101002111 
01211202121 000021 1 

.21 21 11220 101122 2 



As a summary, we have the following theorem. 

Theorem 4.2. There are at least 119 monomially inequivalent self-dual [40, 20, 12] 
codes over F 3 . 

• Case: q = 4 

Applying a similar process as before up to code length £ = 6 with c = 1, we find 
the following J e = [L \ R}: 

1 Y 4 + Y 3 + Y 2 + Y + 1 

ujY 4 + uj 2 Y [i + Y 2 + Y u)Y 4 +LU 2 Y' i + Y 2 + Y 1 

ui 2 Y 4 + ui 2 Y 3 + loY 2 + luY + lo J 2 

yA 

+ u) 2 Y 3 + u)Y 2 + uiY + u> u) 2 Y 2 + Y 
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R = 



Y 4 + Y 3 +wY 2 + Y Y 4 +wr 3 + w 2 Y 2 +uj 2 Y + 1 
Y 4 + Y 3 +Y 2 + Y + lo 

w 2 Y 2 + Y Y 4 + Y 3 +Y 2 + Y + lo 



u 2 Y 4 + Y 3 + Y 2 + u 
, 2 Y 4 + Y 3 +u) 2 Y 2 +ujY 
Y 4 + loY 3 + lo 2 Y 2 + lo 



where a; is a generator of F4. The corresponding quaternary quasi-cyclic Euclidean 
self-dual codes are all optimal or have the best known parameters. See [21] for 
the generator matrices of these quaternary codes. By successively deleting the 
first two columns and the first row of J 6 , we obtain J 4 and J 2 . More precisely, 
J 2 induces a [10,5,4] code (optimal), J 4 induces a [20,10,8] code (optimal), and 
Jq induces a [30,15,10] code (best known). The quaternary code corresponding 
to J 4 is equivalent to XQ\ 9 [47]. We denote the quaternary code corresponding 
to the generator matrix J 6 by QSD^ whose generator matrix G(QSE^ ) is given 
below. We have computed that QSD^ Q has minimum distance 10, A w = 1893, 
and the automorphism group of order 30. As far as we know, only one self-dual 
[30, 15, 10] code over F 4 was known before, and that code is the one denoted by 
(/ 2 ; 11; 25) [17]. (It was reported to us that the code denoted by (/ 2 ; 11; 15) [17] 
is an error since it has minimum distance 6.) The code (/ 2 ; 11; 25) has minimum 
distance 10, A 10 = 1854, and the automorphism group of order 90. Therefore the 
two codes QSD^ Q and (/ 2 ; H; 25) are not equivalent. We note that the minimum 
Lee weight d,L of these codes in the sense of [2] and [18] is 10 and that only one 
self-dual [30, 15, 9] code over F 4 with d L = 10 is given in [2, Table VIII]. 

As a summary, we have the following theorem. 

Theorem 4.3. There are at least two monomially inequivalent self-dual [30, 15, 10] 
codes over F 4 . 



4.3 Septic self-dual codes over F2, F4, and F 5 

In this section, we find septic self-dual codes over ¥ q which are optimal or have the best 
known self-dual codes by using the building-up construction in Theorem 2.2. 

• Case: q = 2 



G(QSD* ) 



1 1 1 w 1 1 w 1 w w 1 1 1 w 1 1 1 1 w 2 
1 w 1 1 1 w 1 1 1 w 2 w 2 w 2 1 1 w w 1 w 2 

2 2 2 2 2 2 2 

wwOOwtvwwlllQww'w w 1 w w w 1 w w w 0011 

1 1 1 w 2 1 1 1 w 1 1 w 2 1 w w 2 1 1 1 w 1 

w w 1 ui 2 fl 1 tu 1 1 Q 1 wi 1 1 () 1 1 1 

2 2 2 2 2 2 2 

w w OQllwwOQwwwwlllOwww w 1 w w w 1 ffl 

1 1 w 1 1 1 1 w 2 1 1 1 w 1 1 w 2 1 w w 2 1 

tt> 2 w 2 1 1 w w 1 w 2 1 w 1 1 1 w 1 1 1 w 2 

w 2 w 2 1 w w 2 w 2 OOlltowOOwuiicwlllOwiu w 2 w 2 1 w 2 

1 » t» ! 1 1 1 ii 1 O 1 1 1 « 2 1 1 1 » I] 1 1 » ! 

1 1 O 1 n ! » 2 t» 2 1 1 «i » I) 1 » 2 1 in 1 1 I) 1 » 

2 2 2 2 2 2 2 

www w 1 w w w 1 to k; w 0011u)ii)00wiou)iulll0 

1 1 w 2 1 w w 2 1 1 1 w 1 1 1 1 w 2 1 1 1 w 

1 1 1 w 1 1 1 w 2 w 2 w 2 1 1 w w 1 w 2 1 w 

w w 1 1 1 w w w 2 w 2 1 w 2 w 2 w 2 1 w w 2 w 2 OOllwuiOOww 
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We do a similar process as before up to the length i = 8 with c = 1, so we get 
K$ = [L\R] as follows: 



1 

Y 6 + Y 5 + Y 3 + Y 2 + 1 Y 6 - 

Y 5 + Y + 1 
Y 5 + Y 4 + Y 3 + Y + 1 Y 5 



Y 2 





■ Y 5 + Y 3 

Y 5 + Y + 1 
h Y 4 + Y 3 + Y + 1 



Y 



Y 6 - 



1 + Y 3 + Y 2 
1 

Y 4 + Y 3 + Y 2 
Y 6 



Y 6 



r 4 



t- Y 5 

Y 6 + Y 4 



Y 2 



Y + l 



Y 6 



- Y 3 + Y 2 



/? = 



Y 4 + Y Y 6 + Y 4 + Y 3 Y 6 + Y 3 + Y + 1 

Y 3 + 1 Y 4 + Y 3 + Y 2 + 1 Y 5 + Y 2 + Y 

1 Y 6 + Y 4 + Y + 1 

y6 + y5 + y4 + y3 + y2 y6 + y5 + y4 + y3 + y2 y3 + y2 + 1 



Y 6 + Y 5 + Y 4 + Y 3 + 1 

Y 6 + Y 5 + Y 4 + 1 
Y 

Y 3 + Y + 1 



The corresponding binary quasi-cyclic self-dual codes are all optimal self-dual 
codes. By successively deleting the first two columns and the first row of Kg, we 
obtain K 6 , J\~ 4 , and K 2 . More specifically, K 2 induces a [14, 7, 4] code, K4 induces a 
[28, 14, 6] code, K 6 induces a [42, 21, 8] code, and K 8 induces a Type II [56, 28, 12] 
code. The weight enumerator of the [42, 21, 8] code corresponds to W 2 with /3 = 
in [29]. 



• Case: q = 4 

Doing a similar process as before up to the length £ 



following M 6 = [L\R\: 



6 with c = 1, we find the 



u 'y a + 1 



- uT 1 + V 
1 



+ Y + u> 
- Y + J 2 



u'F" + Y a 





Y 3 + Y 2 



V + ujY + ui 2 



u'r" + uiY a + uiY 2 + 1 



uiY" + Y° + uj*Y* 



+ uj^Y* 

Jtyl + y + u 2 



Y b + uY D + Y 4 + uj 2 Y i + u 2 Y + 1 
y 5 + ujY 4 - + ujY 3 + u 2 Y 2 
uj 2 Y 6 + y 5 + ui 2 Y 3 + ui 2 Y 2 + uj 2 



The corresponding quaternary quasi-cyclic self-dual codes are all optimal or have 
the best known parameters. By successively deleting the first two columns and the 
first row of M 6 , we obtain M 4 and M 2 . More specifically, M 2 induces an optimal 
self-dual [14, 7, 6] code over F 4 , M 4 induces a self-dual code over F 4 with the best 
known parameters [28, 14, 9], and M$ induces a self-dual code over F 4 with the best 
known parameters [42,21,12]. We denote these codes by SSDf 4 , SSD^g, SSDf 2 , 
respectively. We verified that SSDf 4 is equivalent to QDC14 [16] which is the only 
known self-dual [14, 7, 6] code over F 4 . 

Only two self-dual [28, 14, 9] codes over F 4 were known, and one is XQ 2 f [47] and 
the other is -D//,28 [2]. The number A$ of minimum weight codewords of 
(-0/7,28) respectively) is 3276 (1092, respectively). On the other hand, our code 
SSD^g has A 9 = 630. This shows that SSD^g is a new code. Furthermore, we have 
checked that SSD^ is a Type II code over F 4 with minimum Lee weight d,L = 12. 
We recall that a Euclidean self-dual code over F 4 is called Type II if its binary 
image under the Gray map is Type II (see [18]), where the Gray map from 
GF(A) n to GF(2) 2n is defined as 0(wx + cUy) = (x, y) for x,y 6 GF(2) n and (x, y) 
is the binary vector of length In. We have calculated that \Aut((/)(S S D^))] = 7, 
|Aut(0(D/ /)2 8))| = 28, and \Aut(<f>(XQ 27 ))\ = 2 3 • 3 4 • 7 • 13. 
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We have also checked that both Djj j28 and XQ27 are Type II codes over F 4 with 
d L = 12. We therefore find that there are at least three Lee-extremal Type II 
[28, 14, d L = 12] codes over F 4 . 

We are aware of two papers [4] and [9], in which six Euclidean self-dual [28, 14, 9] 
codes over F 4 are known to exist. However their generator matrices and the num- 
ber of minimum weight codewords are not given explicitly. Hence we omit the 
equivalence check of their codes with SSD 28 - 

For length 42, there has been only one self-dual [42, 21, 12] code over F4, denoted 
by (/ 2 ; 11; 17) [17]. This code has A i2 = 945, but our code SSDf 2 has A\ 2 = 323 
and d,L = 12. Hence they are inequivalent, and this implies that SSD\ 2 is a new 
code. 

In what follows, we give the generator matrix [L\R] of SSD 28 : 



L = 



1 
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UJ 
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UJ 2 


UJ 2 


UJ 
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1 
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UJ 2 


UJ 2 








w 2 


Ul 








1 


1 


1 





1 


1 


UJ 2 


UJ 2 


1 


1 


1 


ui 2 
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We also give the generator matrix [L\R] of SSDf 2 in the following: 
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The above results are summarized as follows. 

Theorem 4.4. There are at least three monomially inequivalent Euclidean self- 
dual [28, 14, 9] codes over F 4 , all of which are Lee-extremal Type II. There are at 
least two monomially inequivalent Euclidean self-dual [42,21, 12] codes over F 4 . 

• Case: q = 5 

Doing a similar process as before up to the length £ = 4 with c = 2, we obtain the 
following N 4 = [L\R}: 

l-\ 1 

2y 5 + ay a + y 3 + y + 1 4y 5 + 3y 4 + 2y 3 + 2y + 2 ' 



_ [ 3Y 5 + 2Y 4 + Y 3 + 3Y 2 + 4Y AY 6 + 3Y 4 + 3Y 3 + Y 2 + 3Y + 1 

[ Y 4 + 3Y 3 + Y 2 + 4Y + 3 Y 6 + 2Y 5 + 4Y 4 + 4Y 3 + 3Y 2 + 2Y + 3 ' 

The corresponding quaternary quasi-cyclic self-dual codes are all optimal or have 
best known parameters. By deleting the first two columns and the first row of 
A^ 4 , we obtain N 2 . More specifically, N 2 induces an optimal self-dual [14, 7, 6] code 
over F5, and N4 induces a self-dual code over F5 with the best known parame- 
ters [28, 14, 10] code, denoted by SSD^. We checked that SSD^ is monomially 
equivalent to Q 2 8,a i n [20]. 
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